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SET–THEORETICAL ENTROPIES OF EULER’S TOTIENT
FUNCTION AND OTHER NUMBER THEORETICAL SPECIAL
FUNCTIONS
FATEMAH AYATOLLAH ZADEH SHIRAZI, REZA YAGHMAEIAN
Abstract. In the following text we show set–theoretical entropy of Euler’s to-
tient function and contravariant set–theoretical entropy of Dedekind psi func-
tion are zero. Also contravariant set–theoretical entropy of Euler’s totient
function and set–theoretical entropy of Dedekind psi function are +∞. We
pay attention to some of the other number theoretical special functions too.
We continue our studies on Alexandroff topologies induced by Euler’s totient
function and Dedekind psi function.
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1. Introduction
Various types of entropies have been studied in different branches of mathematics.
In category Set one may consider set–theoretical and contravariant set–theoretical
entropies of self–maps. Our main aim in this text is to study set–theoretical be-
haviour of some well–known number theoretical maps like Euler’s totient function,
Dedekind psi function and their generalizations. However set–theoretical and con-
travariant set–theoretical entropies of a “nice” self–maps have interactions with
infinite orbit number’s concept and infinite anti–orbit number’s concept so we pay
attention to these concepts too. We continue our studies in topological arising
concepts in this regard, our main emphasis in topological point of view deals with
Alexandroff topological spaces’ approach.
Let N = {1, 2, . . .} be the set of natural numbers and P = {2, 3, 5, 7, . . .} the set of
prime numbers. For finite set A by ♯A we mean the number of elements of A. Also
we say λ : X → X is finite fibre if λ−1(x) is finite for all x ∈ X .
Background on infinite orbit number and infinite anti–orbit number of
a self–map. For self–map λ : X → X we say the one–to–one sequence {an}n≥1 is:
• an infinite λ−orbit if for all n ≥ 1, an+1 = λ(an),
• an infinite λ−anti–orbit if for all n ≥ 1, an = λ(an+1) (see e.g., [6, Definition 1.2]
and [7, Definition 1.1]).
Moreover we set [4]:
o(λ) := sup({n ≥ 1 : there exists n disjoint infinite λ−orbit sequences} ∪ {0}),
a(λ) := sup({n ≥ 1 : there exists n disjoint infinite λ−anti–orbit sequences}∪{0}),
we call o(λ) infinite orbit number of λ and a(λ) infinite anti–orbit number of λ.
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Background on set–theoretical and contravariant set–theoretical entropies.
For λ : X → X and finite subset A of X the following limit exists
entset(λ,A) = lim
n→∞
♯(A ∪ λ(A) ∪ · · · ∪ λn−1(A))
n
and we call entset(λ) := sup{entset(λ,B) : B is a finite subset of X} set–theoretical
entropy of λ [2]. Moreover for finite fibre onto map µ : X → X and finite sunset A
of X the following limit exists
entcset(µ,A) = lim
n→∞
♯(A ∪ µ−1(A) ∪ · · · ∪ µ−(n−1)(A))
n
and we call entcset(µ) := sup{entcset(µ,B) : B is a finite subset of X} set–
theoretical entropy of µ. On the other hand if λ : X → X is finite fibre and
sc(λ) :=
⋂
n≥1
λn(X), then λ ↾sc(λ): sc(λ) → sc(λ) is finite fibre and onto, we call
entcset(λ) := entcset(λ ↾sc(λ)) contravariant set–theoretical entropy of λ [5].
Note 1.1. For λ : X → X we have entset(λ) = o(λ) [2, Proposition 2.16], also for
finite fibre λ : X → X we have entcset(λ) = a(λ) [5, Theorems 3.2, 3.9]
Some number theoretical special functions. Let’s recall the following func-
tions (n ≥ 1 and for convenient suppose all of them map 1 to 1):
• Jordan’s totient function (for k ≥ 1): Jk(n) = {(s1, . . . , sk) : s1, . . . , sk ∈
{1, . . . , n}, gcd(s1, . . . , sk, n) = 1}(n
k
∏
{1 − 1
pk
: p ∈ P, p|n}) (so well–known Eu-
ler’s totient function ϕ is J1) (see e.g., [13])
• Generalized Dedekind psi function (for k ≥ 1): ψk(n) = n
k
∏
{1 + 1
pk
: p ∈
P, p|n} = J2k(n)
Jk(n)
(so well–known Dedekind psi function, ψ(= ψ1) is
J2
J1
) [12]
• Unitary totient function: ϕ∗(n) =
∏
{pα − 1 : pα|n, pα+1 6 |n, p ∈ P, α ≥ 1} (see
e.g., [8, 11])
• Ω(n) =
∑
{α : pα|n, pα+1 6 |n, p ∈ P} [9]
• ω(n) =
∑
{1 : pα|n, pα+1 6 |n, p ∈ P, α ≥ 1}
• dl(n) = ♯{(s1, · · · , sl) ∈ N
l : s1 · · · sl = n} (l ≥ 2) (we denote d2 with d) [9]
• σl(n) = Σ
d|n,d≤n
dl (l ≥ 2) [9]
2. Infinite orbit number and infinite anti–orbit number of ϕ
In this section we compute infinite orbit number and infinite anti–orbit number of
Euler’s totiont function, Dedekind psi function and some other well–known maps.
Lemma 2.1. For f : N→ N with f(n) ≤ n we have o(f) = 0.
Proof. Suppose {xn}n≥1 is an infinite f−orbit and for all n ≥ 1 we have f(n) ≤ n,
thus x1, x2 = f(x1), x3 = f
2(x1), . . . ∈ {1, 2, . . . , x1}, thus {xn}n≥1 is not infinite
and one–to–one sequence. 
Lemma 2.2. For f : N→ N with f(n) ≥ n we have a(f) = 0.
Proof. Suppose {xn}n≥1 is an infinite f−anti–orbit and for all n ≥ 1 we have
f(n) ≥ n, thus for all n ≥ 1 we have x1 = f
n(xn+1) ≥ f
n−1(xn+1) ≥ · · · ≥ xn+1,
so x1, x2, x3, . . . ∈ {1, 2, . . . , x1} thus {xm}m≥1 is not infinite and one–to–one. 
Lemma 2.3. For f : N→ N with f(n) > n for all n > 1, we have o(f) > 0.
Proof. Let x ≥ 2, then {fn(x)}n≥1 is an infinite f−orbit, thus o(f) > 0. 
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Lemma 2.4. For k ≥ 1 let Sk := {2
k3n}n≥1, then S1, S2, . . . are disjoint infinite
ϕ−anti–orbit sequences, so a(ϕ) = +∞. In addition for all n ≥ 1, ϕ(n) ≤ n so
o(ϕ) = 0.
Proof. For n, k, s, t ≥ 1 we have ϕ(2k3n+1) = 2k−1(2−1)3k(3−1) = 2k3n moreover
2k3n = 2s3t if and only if k = s and n = t. 
Lemma 2.5. For p ∈ P \ {2} let Sp := {x
p
n}n≥1 with
• xp1 = p,
• xpn+1 = p
xpn−1 (n ≥ 1),
then S3, S5, S7, S11, . . . are disjoint infinite d−anti–orbit sequences, so a(d) = +∞.
In addition for all n ≥ 1, d(n) ≤ n so o(d) = 0.
Proof. For n,m ≥ 1 and p, q ∈ P\{2}we have d(xpn+1) = d(p
xpn−1) = xpn−1+1 = x
p
n
moreover if xpn = x
q
m then the unique prime divisor of x
p
n is p and the unique prime
divisor of xqm is q, so p = q thus x
p
n = x
p
m moreover for all i ≥ 1 we have x
p
i < x
p
i+1,
so xpn = x
p
m leads to n = m. 
Lemma 2.6. For p ∈ P let Sp := {x
p
n}n≥1 with
• xp1 = p,
• xpn+1 = p
xpn (n ≥ 1),
then S2, S3, S5, S7, S11, . . . are disjoint infinite Ω−anti–orbit sequences, so a(Ω) =
+∞. In addition for all n ≥ 1, Ω(n) ≤ n so o(Ω) = 0.
Proof. For n,m ≥ 1 and p, q ∈ P we have Ω(xpn+1) = Ω(p
xpn) = xpn moreover if
xpn = x
q
m then the unique prime divisor of x
p
n is p and the unique prime divisor
of xqm is q, so p = q thus x
p
n = x
p
m moreover for all i ≥ 1 we have x
p
i < x
p
i+1, so
xpn = x
p
m leads to n = m. 
Lemma 2.7. For p ∈ P \ {2} let Sp := {x
p
n}n≥1 with (suppose qn is the nth prime
number):
• xp1 = p = qj ,
• xpn+1 = pqj+1q2 · · · qj+xpn−1 (n ≥ 1),
then S3, S5, S7, S11, . . . are disjoint infinite ω−anti–orbit sequences, so a(ω) = +∞.
In addition for all n ≥ 1, ω(n) ≤ n so o(ω) = 0.
Proof. For n,m ≥ 1 and p, q ∈ P \ {2} we have
ω(xpn+1) = ω(pqj+1qj+2 · · · qj+xpn−1) = x
p
n
moreover if xpn = x
q
m then the least prime divisor of x
p
n is p and the least prime
divisor of xqm is q, so p = q thus x
p
n = x
p
m moreover for all i ≥ 1 we have x
p
i < x
p
i+1,
so xpn = x
p
m leads to n = m. 
Lemma 2.8. For k ≥ 1 let Sk := {3
k2n}n≥1, then S1, S2, . . . are disjoint infinite
ψ−orbit sequences, so o(ψ) = +∞. In addition for all n ≥ 1, ψ(n) ≥ n so a(ψ) = 0.
Proof. For n,m, s, t ≥ 1 we have ψ(3m2n) = 3m−1(3 + 1)2n−1(2 + 1) = 3m2n+1
moreover if 3m2n = 3s2t if and only if m = s and n = t. 
Lemma 2.9. For k ≥ 1 let Sk := {2
2n+1k+2n−13}n≥1, then S1, S2, . . . are disjoint
infinite J2−orbit sequences, so o(J2) = +∞. In addition for all n ≥ 1, J2(n) ≥ n
so a(J2) = 0.
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Proof. For n,m, s, t ≥ 1 we have J2(2
2n+1m+2n−13) = 22(2
n+1m+2n−1)−2(22−1)32−2(32−
1) = 22(2
n+1m+2n−1)+13 = 22
(n+1)m+2n+1−13 moreover:
22
n+1m+2n−13 = 22
s+1t+2s−13 ⇔ 2n+1m+ 2n − 1 = 2s+1t+ 2s − 1
⇔ 2n(2m+ 1) = 2s(2t+ 1)
⇔ n = s ∧m = t .

Note 2.10. Suppose f : N → N is a multiplicative function g : P × N → N ∪ {0}
and h : P→ N ∪ {0} such that f(1) = 1 and f(pn) = pg(p,n)h(p)(≥ 1) for all p ∈ P
and n ≥ 1. Also suppose there exist distinct p, q ∈ P and u, v ≥ 1 with pu = h(q)
and qv = h(p) define s, t : N→ N with s(x) = g(p, x)+u, t(x) = g(q, x)+v. If there
exists (x1, y1), (x2, y2), . . . ∈ N × N such that N× N→ N× N
(n,m) 7→(sn(xm),tn(ym))
is one–to–one,
then o(f) = +∞ since for Sn := {p
si(xn)qt
i(yn)}i≥1, the sequences S1, S2, . . . are
disjoint infinite f−orbit sequences (use the fact that
f(ps
i(xn)qt
i(yn)) = pg(p,s
i(xn))h(p)qg(q,t
i(yn))h(q)
= pg(p,s
i(xn))+uqg(q,t
i(yn))+v = ps
i+1(xn)qt
i+1(yn) ).
Lemmas 2.8 and 2.9 are examples of the above construction.
Note 2.11. As a generalization of Note 2.10 suppose f : N→ N is a multiplicative
function g : P × N → N ∪ {0} and h : P → N ∪ {0} such that f(1) = 1 and
f(pn) = pg(p,n)h(p)(≥ 1) for all p ∈ P and n ≥ 1. Also suppose there exist distinct
p1, . . . , pm ∈ P and (u
i
1, . . . , u
i
m) ∈ N
m (for i = 1, . . . ,m) with uij + g(pi, x) ≥ 1
for all i, j, x and p
ui1
1 · · · p
uim
m = h(pi) define si : N → N with si(x) = g(pi, x) +
(u1i + · · · + u
m
i ). If there exists (x
1
1, x
2
1, . . . , x
m
1 ), (x
1
2, x
2
2, . . . , x
m
2 ), . . . ∈ N× N such
that Nl → Nl
(i,j) 7→(si1(x
1
j
),si2(x
2
j
),...,sim(x
m
j
))
is one–to–one, then o(f) = +∞ since for Sn :=
{p
si1(x
1
n)
1 p
si2(x
2
n)
2 · · · p
sim(x
m
n )
m }i≥1, the sequences S1, S2, . . . are disjoint infinite f−orbit
sequences.
Table 2.12. We have the following table:
λ o(λ) a(λ)
1st. row ϕ = J1, d(= d2),Ω, ω 0 +∞
2nd. row ϕ∗ 0
3rd. row J2, ψ(= ψ1) +∞ 0
4th. row σk, ψk, Jk+2(k ≥ 1) > 0 0
Proof. For the 1st. row use Lemmas 2.4, 2.5, 2.6, and 2.7.
For the 2nd. row use Lemma 2.1
For the 3rd. row use Lemmas 2.8 and 2.9.
For the 4th. row use Lemmas 2.2, 2.3 and the fact that for all n ≥ 2 we have
σk(n) > n,ψk(n) > n, Jk+2(n) > n (for k ≥ 1). 
Note 2.13. 1. For f : N → N with f(n) ≥ n (for all n ≥ 1) we have f−1(m) ⊆
{1, . . . ,m} (for all m ≥ 1) and f : N → N is finite fibre, thus σk, ψk, Jk+1 (for
k ≥ 1) are finite fibre.
2. For distinct prime numbers p1, . . . , pn and α1, . . . , αn ≥ 1 with ϕ(p
α1
1 · · · p
αn
n ) =
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m we have pi − 1 ≤ m and 2
αi−1 ≤ pαi−1i ≤ m for all i = 1, . . . , n, so p1, . . . , pn ≤
m+ 1 and α1, . . . , αn ≤
logm
log 2
+ 1 therefore
pα11 · · · p
αn
n ≤
∏


p

 logm
log 2
+1


: p ∈ P, p ≤ m+ 1


,
hence for all m ≥ 1 we have
ϕ−1(m) ⊆


1, . . . ,
∏


p

 logm
log 2
+1


: p ∈ P, p ≤ m+ 1




.
Thus for all m ≥ 1, ϕ−1(m) is finite and ϕ is finite fibre.
3. For k ≥ 2 we have P ⊆ ω−1 ∩ Ω−1(1) ∩ d−1k (k) thus ω,Ω, dk are not finite fibre.
Table 2.14. By Table 2.12 and Note 2.13 we have the following table (where “−”
indicates that for the corresponding case λ is not finite fibre and contravariant
set–theoretical entropy of λ is undefined):
λ entset(λ) entcset(λ)
ϕ(= J1) 0 +∞
Ω, ω 0 −
J2, ψ(= ψ1) +∞ 0
σk, ψk, Jk+2(k ≥ 1) > 0 0
Problem 2.15. Consider k ≥ 1:
• Compute a(ϕ∗), o(dk+2), a(dk+2).
• For λ = σk, ψk+1, Jk+2 compute entset(λ).
3. Some notes on Euler’s totient function and Alexandroff
topologies on N
We call topological space X Alexandroff, if intersection of any nonempty family of
open sets is open [1]. In Alexandroff topological space (X, τ) for every x ∈ X we
denote the smallest open neighbourhood of x ∈ X with V (x, τ). For f : X → X :
• B = {
⋃
{f−n(x) : n ≥ 0} : x ∈ X}
• B = {{fn(x) : n ≥ 0} : x ∈ X}
are basis of Alexandroff topologies on X . We call topology generated by B, func-
tional Alexandroff topology on X (with respect to f) and denote this topology by
τf [3]. We call topology generated by B, Alexandroff topology on X with respect
to f and denote this topology by τf [10]. For f : X → X and x ∈ X , we have:
• V (x, τf ) =
⋃
{f−n(x) : n ≥ 0},
• V (x, τ f ) = {f
n(x) : n ≥ 0}.
As it has been mentioned in [4], set–theoretical entropies of f : X → X interact with
cellularities of the above mentioned Alexandroff spaces on X . So we devote this
section to arising Alexandroff topologies from some of number theoretical functions.
Lemma 3.1. For f : N→ N and k ∈ N we have:
1. if for n ≥ 1 we have f(n) ≥ n, then V (k, τf ) ⊆ {1, . . . , k};
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2. if for n ≥ 1 we have f(n) ≤ n, then V (k, τ f ) ⊆ {1, . . . , k}.
Proof. 1) Suppose for all n ≥ 1 we have f(n) ≥ n. For k ≥ 1 suppose x ∈ V (k, τf ),
then there exists m ≥ 0 with k = fm(x) ≥ x.
2) Suppose for all n ≥ 1 we have f(n) ≤ n. For k ≥ 1 suppose x ∈ V (k, τ f ), then
there exists m ≥ 0 with x = fm(k) ≤ k. 
Lemma 3.2. For f : N → N and k ∈ N if for n > 1 we have f(n) < n and
f(1) = 1, then 1 ∈ V (k, τ f ) and (N, τf ) is connected. Also V (1, τf ) = N and
(N, τf ) is connected too.
Proof. Suppose m = minV (k, τ f ), then f(m) ∈ V (k, τ f ), so
m ≥ f(m) ≥ minV (k, τ f )
and m = f(m) hence m = 1 and 1 ∈ V (k, τ f ). Since 1 belongs to every nonempty
subset of (N, τf ), thus it does not have any disjoint nonempty open subset and it
is connected.
For all n ≥ 1 we have fn(n) = 1, so n ∈ V (1, τf ) and V (1, τf ) = N. For nonempty
open subsets of U, V of (N, τf ) with N = U ∪V we may suppose 1 ∈ U so V (1, τf ) ⊆
U and N = U which leads to connectivity of (N, τf ). 
Lemma 3.3. For f : N → N suppose for n > 1 we have f(n) ≥ n and f(1) = 1,
then (N, τ f ) and (N, τf ) are disconnected.
Proof. {1},N \ {1} is a separation of (N, τ f ) (and (N, τf )). 
Example 3.4. For 1 ≤ α ≤ ℵ0 supposeM is a partition of N to α infinite subsets of
N. For D ∈M suppose D = {nDk }k≥1 with n
D
1 < n
D
2 < · · · and define fD : D → D
with fD(n
D
k ) = n
D
k+1 for k ≥ 1, then for f :=
⋃
D∈M
fD : N → N, we have f(n) > n
for all n ≥ 1 and M is the collection of all connected components of (N, τf ).
Table 3.5. By Lemmas 3.2 and 3.3 we have following table:
λ (N, τλ) and (N, τλ)
ϕ(= J1), ϕ
∗, ω,Ω, d(= d2) connected
σk, ψk, Jk+1(k ≥ 1) disconnected
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